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HIGH ℓ-TORSION RANK FOR CLASS GROUPS OVER FUNCTION FIELDS
I.SETAYESH, J.TSIMERMAN
Abstract. We prove that in the function field setting, ℓ-torsion in the class groups of quadratic
fields can be arbitrarily large. In fact, we explicitly produce a family whose ℓ-rank growth matches
the growth in the setting of genus theory, which might be best possible. We do this by specifically
focusing on the Artin-Schreir curves y2 = xq − x.
1. Introduction
Given a number field K, we denote the class group of K by Cl(K). For a fixed a prime number ℓ
there is much work studying the behaviour of the torsion subgroup Cl(K)[ℓ] as K varies in a natural
family. Our state of knowledge is however still very limited, even for the case of imaginary quadratic
fields. On the one hand, it is in general still an open question to provide unconditional upper bounds
which improve on the trivial bound |Cl(K)[ℓ]| ≤ |Cl(K)|. On the other hand, it is an open question
whether the rank of Cl(K)[ℓ] is even unbounded. While we have nothing to say on this matter for
number fields, the purpose of this paper is to resolve the analogue of this latter question over function
fields. This has been a folklore conjecture for some time, but it was conjectured by Cˇesnavicˇius in
[2], who proved certain cases of it.
We follow the usual analogy, in that we work with hyperelliptic curves C over a finite field k, and
treat Pic0(C)(k) as the analogue of the class group Cl(K).
Theorem 1.1. Let p 6= ℓ be odd prime numbers. There is a sequence of hyperelliptic curves Ci over
Fp of increasing genus gi such that
gi logℓ p
logp(gi)
· (1 + o(1)) ≤ rkPic0(Ci)(Fp)[ℓ] ≤ gi logℓ p
logp(gi)
· (2 + o(1)).
It is interesting to ask whether the rate of growth we obtain in the theorem should be best possible
up to constants. Treating p2g as analogous to the Discriminant DiscK , Theorem 1.1 obtains the order
of growth
log DiscK
log logDiscK
. In this vein, Brumer and Silverman[1] ask whether the best possible upper
bound for the ℓ-rank of the class group of a bounded degree number field K is of order
log DiscK
log logDiscK
.
It is easy to see using genus theory that this is true for 2-torsion in quadratic fields, for example.
Nonetheless, to our knowledge there is no theoretical or statistical argument motivating this upper
bound.
Finally, we remark that with some more work it should be possible to remove the factor of 2
between the upper and lower bounds in the theorem to obtain a precise asymptotic.
1.1. Outline of the paper. Our method of proof is to study the specific family of Artin-Schreir
curves Cq defined by y
2 = xq − x for q a prime power of p. This curve is supersingular, and we can
explicitly identify all of its eigenvalues, and pick out their multiplicity asymptotically. This is done
in section 2. In section 3 we determine the structure of the Tate module of these curves. Finally in
section 4 we combine everything to prove the main theorem.
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2. Size of the Jacobian of Cq
In this section we compute the number of Fq-points of the Jacobian of the Artin-Schreier curve
Cq : y
2 = xq − x
This hyperelliptic curve is ramified over the q + 1 points P1(Fq) and so it has genus
1
2
(q − 1). Set
q∗ = (−1) q−12 q. We let α1, . . . , α2g denote the Frobenius eigenvalues of Cq.
Lemma 1. The multiset {α1, . . . , α2g} of Fq-Frobenius eigenvalues of Cq consists of g repetitions of
the set {√q∗,−√q∗}.
Proof. We begin by computing the number of points of Cq over Fq and Fq2. First, Cq maps to P
1
and is ramified precisely over P1(Fq). Thus, Cq(Fq) is in bijection with P
1(Fq), and is therefore of
size q + 1. It follows that
2g∑
i=1
αi = 0.
Next, note that we may write Fq2 = Fq[β] where β
2 = ǫ, ǫ ∈ Fq. Since the multiplicative group of
a finite field is cyclic, we see that β is a square in Fq2 iff q ≡ 3 mod 4. If we set x = a + bǫ with
a, b ∈ Fq and b 6= 0, then the equation of the curve becomes y2 = b(βq − β) = −2bβ. Since −2 is a
square in Fq2, we see that every x ∈ Fq2\Fq gives 0 or 2 points depending on whether q is 1 or 3 mod
4. Thus, ♯Cq(Fq2) = q
2 + 1 − (q − 1)q∗ = q2 + 1 − 2gq∗. It follows that
2g∑
i=1
α2i = 2gq
∗. Since all the
α2i are q
2-Weil numbers, it follows that α2i = q
∗ for every i. Finally, since the sum of all the αi is 0,
it follows that half of them are
√
q∗ and half are −√q∗, as desired. 
Next, we determine the Frobenius eigenvalues of Cq viewed as a curve over smaller fields. To this
end, we let q0 ∼= 1 mod 4 be a prime power that is a square, q = qm0 , and consider the eigenvalues
of Cq over Fq0. We know by lemma 1 that the eigenvalues are all 2m’th roots of unity times q
1/2
0 .
Since primitive roots of unity of any order are all Galois conjugate, for each d|2m we define ad to be
the number of copies of q
1/2
0 µd where µd denotes the set of primitive d’th roots of unity. Our goal is
to show that for large enough q, all the ad are positive.
To that end, we define f(d, s) :=
∑
x∈µd
xs. Note that f(d, s) is a multiplicative function in d, and
for a prime number r we have
f(ra, rb) =


1 a = 0
0 a > b+ 1
−ra−1 a = b+ 1
(r − 1)ra−1 0 < a ≤ b
.
Lemma 2. Consider a prime r and a positive integer k. Then for 0 ≤ d, e ≤ k, we have
∑
0≤i≤k
f(rd, ri)f(rk−i, rk−e) = pkδe=d.
Proof. This is a straightforward computation using geometric series. We divide into cases.
3(1) d = 0, e = 0. The identity becomes
∑
j|rk
φ(j) = pk.
(2) d = 0, e > 0. The identity becomes
−rk−e + (r − 1)
∑
e≤i<k
rk−i−1 + 1 = 0.
(3) d > 0, e = 0. The identity becomes
−rk−1(r − 1) +
∑
d≤i<k
rk−2−i+d(r − 1)2 + rd−1(r − 1) = 0.
(4) d = e > 0. The identity becomes
rk−1 + (r − 1)2
∑
d≤i<k
rk−2−i+d + rd−1(r − 1) = rk
(5) d > e > 0. The identity becomes
−rk−1(r − 1) + (r − 1)2
∑
d≤i<k
rk−2−i+d + rd−1(r − 1) = 0
(6) e > d > 0. The identity becomes
−rk−1+d−e(r − 1) + (r − 1)2
∑
e≤i<k
rk−2−i+d + rd−1(r − 1) = 0

For each s|2m we have the following identity:
#C(Fqs
0
)− (qs0 + 1)
q
s/2
0
=
∑
d|2m
adf(d, s)
from which we obtain the following:
• For s|2m and s 6= 2m, we have
|
∑
d|2m
adf(d, s)| < qs/20 + 1 ≤ q
1
2 + 1.
• Since q ∼= 1 mod 4, by lemma 1 we have
∑
d|2m
adf(d, 2m) = q − 1.
We now prove our main result for this section:
Proposition 2.1. We have the inequality
|mad − (q − 1)| ≤ (m− 1)(q 12 + 1).
Proof. For d|2m set cs(d) =
∏
rk||2m
f(rk/(s, rk), rk/(d, rk)). It follows from lemma 2 that
∑
s|2m
cs(d)
∑
d|2m
adf(d, s) = mad.
Thus, we see that
mad = q − 1 +
∑
s|2m,s<2m
cs(d)
∑
d|2m
adf(d, s).
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From our inequalities, we thus have
|mad − (q − 1)| ≤ (q 12 + 1) · (
∑
s|2m
|cs(d)| − 1) ≤ (m− 1)(q 12 + 1)
as desired.

3. Structure of the Tate module
Let Jq denote the Jacobian of Cq. The next lemma shows that the torsion of Jq is of a particularly
simple form.
Lemma 3. Assume that m is divisible by ℓ − 1 and co-prime to ℓ. Let M be the power of (x − 1)
dividing the characteristic polynomial of the Frobenius Fq0 modulo ℓ for Cq. Then
|#Jq(Fq0)[ℓ]| = ℓM .
Proof. Let Tℓ denote the ℓ-adic Tate module of Jq. Let a ∈ µℓ−1(Zℓ) be such that aq
1
2
0 ≡ 1 mod ℓ.
Let F0 =
F
aq
1
2
0
. Note that F0 ≡ F mod ℓ so that
#Jq(Fq0)[ℓ] = (Tℓ ⊗ Fℓ)F = (Tℓ ⊗ Fℓ)F0.
Moreover, note that F 2m0 = 1, and gcd(2m, ℓ) = 1 therefore we have a splitting Tℓ = T1 ⊕ T6=1
such that F0 acts as the identity on T1 and does not have 1 as an eigenvalue on T6=1. Note that the
eigenvalues of F0 on T6=1 are non-trivial 2m’th roots of unity, and therefore also on T6=1 ⊗ Fℓ. Thus,
it follows that
Jq(Fq0)[ℓ]
∼= (Tℓ ⊗ Fℓ)F0 = (T1 ⊗ Fℓ) ∼= (Z/ℓZ)M ,
which completes the proof.

4. Proof of Theorem 1.1
We can now prove our main theorem. In fact, we prove the following more precise version:
Theorem 4.1. Let p 6= ℓ be odd prime numbers, and let m range over positive integers divisible by
ℓ − 1 and co-prime to ℓ, and set q = p2m. Finally, let C−q , J−q denote the quadratic twists of Cq, Jq
respectively over Fp. Then
(1)
rkJq(Fp2)[ℓ] ∼ q − 1
2m
· logℓ(p2),
(2)
1 + om(1) ≤
max
(
rkJq(Fp)[ℓ], rkJ
−
q (Fp)[ℓ]
)
q−1
2m
· logℓ(p)
≤ 2 + om(1).
Proof. For the proof of (1), note that by lemma 3 the ℓ-torsion rank is exactly ad where d is the
order of q
1
2
0 modulo ℓ, which by lemma 2.1 satisfies |ad −
q − 1
m
| ≤ m− 1
m
(q
1
2 + 1) ≤ q 12 + 1. Since
m = logp2 q = o(q
1
2 ) the result follows.
5For the proof of (2), note that since ℓ is odd, we have the isomorphism
Jq(Fp2)[ℓ] ∼= Jq(Fp)[ℓ]⊕ J−q (Fp)[ℓ],
and so the result follows immediately from (1).

References
[1] A.Brumer, J.Silverman, The number of elliptic curves over Q with conductor N,Manuscripta mathematica, Vol.91,
Issue 1, p.95-102, 1996
[2] K.Cˇesnavicˇius https://arxiv.org/pdf/1307.4261.pdf
[3] A.Wiles, Journal of the London Mathematical society, Vol.02, Issue 2,p.411-426, 2015
